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Abstract
A method of entanglement production is suggested, based on the resonant genera-
tion of topological modes in systems with Bose-Einstein condensates trapped in optical
or magnetic lattices. The method makes it possible to regulate the strength of entan-
glement production as well as to govern its time variation. This method can serve as
a practical tool for quantum information processing and quantum computing.
1
1 Introduction
Systems with Bose-Einstein condensate (BEC) possess a number of unusual properties (see
book [1] and review articles [2–7]), which can be employed in a variety of applications.
One of such important applications is the possibility of creating massive entanglement in
Bose-condensed systems trapped in lattice potentials [8,9]. The most known examples of
the lattices are the optical lattices formed by a combination of laser beams [10–12], though
magnetic fields could also be used for creating magnetic lattices. In experiments, one can
form optical lattices of varying spacing, depth, and different filling factors, ranging between
one and 104 atoms in each lattice site [13,14]. When a lattice is sufficiently deep and the
filling factor is large, then a lattice site represents a microtrap, in which at low temperature
BEC can be formed.
A BEC in a trap possesses a set of discrete or quasidiscrete atomic energy levels. If
different trapping sites are completely separated from each other, the energy spectrum is
purely discrete. When atoms can tunnel between the sites, then a line of the discrete
spectrum widens into a band. In what follows, we consider the situation, when the linewidths
are not too large, so that the bands are always well separated from each other, that is, when
the linewidths are much smaller than the spectrum gaps. The latter situation corresponds
to a quasidiscrete spectrum. Note that we are talking here about the atomic BEC energy
levels in a trap, which should not be confused with the spectrum of elementary excitations.
In an equilibrium system, BEC sets in the lowest energy level. But if the system is
subject to an alternating modulating field, with a frequency in resonance with one of the
transition frequencies, then a nonground-state BEC can be realized, as was first proposed
in Ref. [15]. The condensate functions, describing the standard ground-state BEC and the
nonground-state condensates have different spatial shapes, because of which the condensate
wave functions, pertaining to different energy levels, can be termed topological modes. The
properties of these modes have been theoretically investigated in a series of papers [15–35]
and a dipole topological mode was generated in experiment [36]. A simple example of such
a mode is a vortex that can be excited in a rotating BEC.
Dynamics of BEC are usually considered in the frame of the Gross-Pitaevskii equation
(see Refs. [1,2]), which presupposes the case of zero temperature and very weak atomic
interactions. The Gross-Pitaevskii equation was also the basis for describing the resonant
excitation of topological modes [15]. In the present paper, we show that topological modes
can be created as well at finite temperature, which is due to the resonant mechanism of their
generation.
Another our goal is to demonstrate how the regulated generation of topological modes
in optical lattices can be used for the controlled entanglement production. The possibility of
effectively varying the state of a complex quantum system and of controlling its entanglement
are the two key points for realizing quantum information processing and quantum computing
[37–42].
2
2 Topological modes
In order to give a general correct definition of topological coherent modes, we need, first,
to write down the exact equation for the condensate wave function. The latter, for a Bose-
condensed system, is introduced by means of the Bogolubov shift [43–45] for the field operator
ψ(r, t) → ψˆ(r, t) ≡ η(r, t) + ψ1(r, t) , (1)
in which η(r, t) is the condensate wave function and ψ1(r, t) is the field operator of uncon-
densed particles. The Bogolubov shift (1) explicitly breaks the gauge symmetry of the Bose
system. It is worth emphasizing that the gauge symmetry breaking is the necessary and suf-
ficient condition for the occurrence of BEC [46]. After introducing the Bogolubov shift (1), it
is necessary to resort to a representative statistical ensemble for the Bose system with broken
gauge symmetry [47,48], defining the appropriate grand Hamiltonian H [ψˆ] = H [η, ψ1]. The
theory of Bose-condensed systems is self-consistent only with the correctly defined grand
Hamiltonian [49–51]. The general equation for the condensate wave function has the form
i
∂η(r, t)
∂t
= <
δH [η, ψ1]
δη∗(r, t)
> . (2)
Assuming the standard energy Hamiltonian with the local interaction potential
Φ(r) = Φ0δ(r) , Φ0 ≡ 4pi as
m
, (3)
where as is the scattering length, we obtain from Eq. (2) the exact equation for the conden-
sate wave function
i
∂
∂t
η(r, t) =
(
− ∇
2
2m
+ U − µ0
)
η(r, t)+
+Φ0 { [ ρ0(r, t) + 2ρ1(r, t) ] η(r, t) + σ1(r, t)η∗(r, t) + ξ(r, t) } . (4)
Here U = U(r, t) is an external potential and the notation is used for the condensate density
ρ0(r, t) ≡ |η(r, t)|2 , (5)
the density of uncondensed atoms
ρ1(r, t) ≡ < ψ†1(r, t)ψ1(r, t) > , (6)
the anomalous average
σ1(r, t) ≡ < ψ1(r, t)ψ1(r, t) > , (7)
and the triple anomalous average
ξ(r, t) ≡ < ψ†1(r, t)ψ1(r, t)ψ1(r, t) > . (8)
Looking for the stationary solutions of Eq. (4) in the common form
ηn(r, t) = ηn(r)e
−iωnt ,
3
we come to the stationary equation for the condensate wave function
[
− ∇
2
2m
+ U(r)
]
ηn(r)+
+Φ0
{ [
|ηn(r)|2 + 2ρ1(r)
]
ηn(r) + σ1(r)ηn(r) + ξ(r)
}
= Enηn(r) , (9)
in which
En ≡ µ0 + ωn . (10)
In equilibrium, BEC corresponds to the lowest energy level
E0 ≡ min
n
En = µ0 , ω0 ≡ min
n
ωn = 0 .
But, generally, the nonlinear eigenvalue problem (9) possesses a set of energy levels En and
of the related eigenfunctions ηn(r), labelled by a multi-index n. The solutions ηn(r) to the
eigenvalue problem (9) are the topological coherent modes. It is only in the limiting case of
zero temperature and asymptotically weak interactions, when we can neglect ρ1(r), σ1(r),
and ξ(r) in Eq. (9), we come to the stationary Gross-Pitaevskii equation
[
− ∇
2
2m
+ U(r) + Φ0|ηn(r)|2
]
ηn(r) = En ηn(r) ,
where, actually, solely the ground-state level E0 = µ0 is to be considered [1].
3 Resonant generation
Equation (9) defines the topological modes as stationary solutions. In order to realize tran-
sitions between modes, it is necessary to include a time-dependent external potential and to
consider the temporal equation (4).
Suppose that at the initial time t = 0 the system is in equilibrium and the condensate
wave function corresponds to the standard ground-state condensate,
η(r, 0) = η0(r) ≡ η(r) . (11)
Let us wish to generate a topological mode labelled by the index n = n1, with the related
energy E1 ≡ En1 . Hence, the transition frequency is given by
ω10 ≡ E1 −E0 = En1 − µ0 . (12)
To generate this mode, it is necessary to apply an alternating field
V (r, t) = V1(r) cos(ωt) + V2(r) sin(ωt) (13)
with a frequency ω tuned close to the transition frequency (12), so that the resonance
condition ∣∣∣∣∆ ωω
∣∣∣∣≪ 1 (∆ ω ≡ ω − ω10) (14)
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be valid. Then the total external potential in Eq. (4) is the sum
U(r, t) = U(r) + V (r, t) (15)
of a trapping potential and of the alternating field (13).
The condensate wave function is normalized to the total number of condensed atoms
N0 =
∫
|η(r, t)|2dr =
∫
|η(r)|2dr . (16)
Let us introduce a function ϕn(r), defined by the equality
ηn(r) ≡
√
N0 ϕn(r) , (17)
which is normalized to one ∫
|ϕn(r)|2 dr = 1 . (18)
We shall look for the solution of Eq. (4) in the form
η(r, t) =
∑
n
Cn(t) ηn(r) e
−iωnt , (19)
where ωn ≡ En−E0 is in agreement with Eq. (10). The coefficient function Cn(t) is treated
as a slow function of time, such that
1
ωn
∣∣∣∣∣dCndt
∣∣∣∣∣≪ 1 . (20)
This allows us to consider Cn as a quasi-integral of motion and to employ the averaging
method [52] and the scale separation approach [53,54]. For instance, substituting form (19)
into the normalization condition (16), and averaging the latter over time, with Cn kept as
quasi-integrals, we get ∑
n
|Cn(t)|2 = 1 . (21)
The quantity
pn(t) ≡ |Cn(t)|2 (22)
plays the role of the mode probability, or fractional mode population, which is normalized
to one, according to Eq. (21).
Substituting expansion (19) into Eq. (4), we use the averaging techniques [52–54]. The
resonant field (13) can be written as
V (r, t) =
1
2
[
B(r)eiωt +B∗(r)e−iωt
]
, (23)
where
B(r) ≡ V1(r)− iV2(r) . (24)
We need the notation for the interaction amplitude
αmn ≡ N0Φ0
∫
|ϕm(r)|2
[
2|ϕn(r)|2 − |ϕm(r)|2
]
dr , (25)
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pumping-field amplitude
βmn ≡
∫
ϕ∗m(r)B(r)ϕn(r) dr , (26)
where B(r) is given by Eq. (24), and for the quantity
γnn ≡ αnn − Φ0
∫
ϕ∗n(r)
{
2 [ ρ1(r)− ρ1(r, t) ]ϕn(r) + σ1(r)ϕ∗n(r) +
ξ(r)√
N0
}
dr . (27)
Also, we introduce the effective detuning
∆mn ≡ ∆ ω + αmm − αnn , (28)
in which
αnn = N0Φ0
∫
|ϕn(r)|4 dr .
From expression (27) it follows that there exists an effective time teff , during which γnn
can be treated as a real quantity, such that
|Im γnn| teff ≪ 1 , (29)
being weakly dependent on time, in the sense that
∣∣∣∣∣teffγnn
dγnn
dt
∣∣∣∣∣≪ 1 . (30)
This effective time is of the order
teff ∼ 1
ρ1Φ0
, (31)
where ρ1 is the density of uncondensed atoms. When practically all atoms are condensed,
so that ρ1 → 0, then teff →∞. Defining
cn(t) ≡ Cn(t) exp(iγnnt) , (32)
we see that, for the times shorter than teff , the fractional mode population (22) can be
written as
pn(t) ∼= |cn(t)|2 (0 ≤ t < teff ) . (33)
The initial condition (11) for the mode amplitude (32) takes the form
cn(0) = δn0 . (34)
With this initial condition, we obtain the equations
i
dc0
dt
= α01|c1|2c0 + 1
2
β01c1e
i∆01t ,
i
dc1
dt
= α10|c0|2c1 + 1
2
β∗01c0e
−i∆01t , (35)
where ∆01 = ∆ ω + α00 − α11.
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Equations (35) can be simplified by separating the absolute values |cn| and the phases
pin of the complex quantities
cn = |cn|eipint . (36)
Let us also introduce the following parameters
α ≡ 1
2
(α01 + α10) , β ≡ |β01| = β01e−iγ , δ ≡ ∆01 + 1
2
(α01 − α10) . (37)
By defining the population imbalance
s ≡ |c1|2 − |c0|2 (38)
and the phase difference
x ≡ pi1 − pi0 + γ +∆01 , (39)
we can transform Eqs. (35) to the two-dimensional dynamical system
ds
dt
= −β
√
1− s2 sin x , dx
dt
= αs+
βs√
1− s2 cosx+ δ . (40)
Solving these equations defines the fractional mode populations (33) as
p0(t) =
1− s(t)
2
, p1(t) =
1 + s(t)
2
.
Equations (35) and (40) were derived earlier [15–17] for a purely coherent system at zero
temperature, when all atoms were in BEC, so that N0 = N . Here we have showed that the
same equations can be obtained for a system at finite temperature, when N0 < N . The main
difference is that, when the density of uncondensed atoms is not zero, then Eqs. (35) and
(40) are valid not for all times, but in the time interval 0 ≤ t < teff , limited by the effective
critical time (31).
In the same way, we could derive the equations for the dynamics of several topological
modes, generated by the quasiperiodic modulating field
V (r, t) =
1
2
∑
n
[
Bn(r)e
iεnt +B∗n(r)e
−iεnt
]
,
with several frequencies εn tuned to the resonance with different transition frequencies
ωmn ≡ Em − En. For example, the equations for three topological modes would have the
form as in Refs. [31,32], or similar to the equations for three coupled BEC [55]. The systems
with multiple generated topological modes display a variety of interesting effects, such as
interference patterns and interference currents [20,24], mode locking [15,24,26], dynamical
transitions and critical phenomena [17,20,21,24], chaotic motion [31,32], harmonic gener-
ation and parametric conversion [31,32] that are analogous to these effects in optics and
for elementary excitations in Bose-condensed systems [56–58], atomic squeezing [24,27,28],
which can also be called spin squeezing, Ramsey fringes [59], and massive entanglement
production, which, being similar to the entanglement of two atoms, differs from the latter
by occurring for multiatomic condensates. In the following sections, we explain how it is
possible to create and regulate entanglement in a Bose-condensed system with topological
modes in optical lattices.
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4 Coherent states
First of all, we need to define a basis of states that we shall consider in what follows. It is
convenient to use the basis of coherent states.
Let us consider an optical lattice with NL sites, each site representing a deep well with
a large filling factor νj ≫ 1 and with the number of condensed atoms in a well Nj , so that
N0 =
∑
j
Nj , N =
∑
j
νj , (41)
where j = 1, 2, . . . , NL. Suppose that each well is subject to the action of a modulating field
Vj(r, t) generating topological modes inside that well. Let a multi-index nj label the topo-
logical modes in the j-th site well, and let ηn(r) be the related coherent modes, normalized
to the number of condensed atoms in the well,
Nj =
∫
|ηnj(r)|2dr . (42)
For generality, we consider the case when Nj and νj can be different for differing lattice sites.
This can happen, e.g., if the lattice is perturbed by a disordering potential.
Topological modes are the solutions to nonlinear equations of type (9), because of which
they are not necessarily orthogonal to each other, so that the scalar product
Nij ≡
∫
η∗ni(r) ηnj (r) dr (43)
is, generally, not zero for i 6= j. The diagonal elements of Njj = Nj are the numbers of
condensed atoms (42).
For an nj-mode, we may construct the coherent states in the Fock space as
|nj > =
[
exp(−Nj/2)√
k!
k∏
l=1
ηnj (rl)
]
, (44)
which is a column with respect to k = 0, 1, 2, . . .. The coherent states (44) are not orthogonal
to each other, yielding the scalar product
< ni|nj > = exp
(
− Ni +Nj
2
+Nij
)
, (45)
but each of them is normalized to one, so that < nj |nj >= 1.
Let us define the correlation factor
λij ≡ Nij√
NiNj
, (46)
for which λjj = 1. From the Cauchy-Schwartz inequality for Eq. (43), we have
|Nij|2 < NiNj (i 6= j) . (47)
Hence, for factor (46), we get
|λij | < 1 (i 6= j) .
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The expression in the exponential of the right-hand side of Eq. (45) can be rewritten by
using the equality
1
2
(Ni +Nj)−Nij = 1
2
(Ni −Nj)2 + (1− λij)NiNj .
The latter diverges if either Ni or Nj , or both, tend to infinity and i 6= j. Thus, we come to
the conclusion that the coherent states (44) are asymptotically orthogonal,
< ni|nj > ≃ δij (Ni +Nj ≫ 1) . (48)
They also are asymptotically complete (or overcomplete) in the weak sense,
∑
nj
|nj >< nj| ≃ 1 (Ni +Nj ≫ 1) . (49)
Therefore, the set {|nj >} forms a basis, which is asymptotically orthogonal and complete.
The closed linear envelope of this basis forms a Hilbert space Hj. The tensor products
|n > ≡ ⊗j |nj > (n ≡ {nj}) (50)
compose an asymptotically orthogonal and complete basis {|n >}, whose closed linear en-
velope is the Hilbert space H ≡ ⊗jHj. The states of BEC, which is a coherent subsystem
of the physical system, can be interpreted as the vectors of the space H.
5 Lattice register
By varying the resonant modulating field acting on the lattice, it is feasible to govern the
creation and behavior of the topological coherent modes and to regulate entanglement pro-
duced in the system. To quantify the level of the produced entanglement, we shall use the
measure of entanglement production introduced in Ref. [60].
The density operator, characterizing the coherent modes, can be represented as an ex-
pansion over the basis {|n >},
ρˆ =
∑
n
p
n
|n >< n| , (51)
with the normalization
TrH ρˆ =
∑
n
p
n
= 1 .
Let us define a single-partite operator
ρˆj ≡ TrH\Hj ρˆ . (52)
From this definition and Eq. (51), we have
ρˆj =
∑
n
p
n
|nj >< nj | . (53)
Then we define the factor operator
ρˆ⊗ ≡ ⊗j ρˆj , (54)
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for which
TrH ρˆ
⊗ =
∏
j
TrHj ρˆj = 1 .
The measure of entanglement, produced by the density operator (51) is defined [60] as
ε(ρˆ) ≡ log ||ρˆ||D||ρˆ⊗||D , (55)
where the logarithm is to the base 2 and || · ||D implies the norm over the disentangled set
D ≡ {f = ⊗jϕj |ϕj ∈ Hj} . (56)
Here the norms are defined as follows. The set D is assumed to be unitary, that is, for
any two vectors f ∈ D and f ′ ∈ D, one can introduce the scalar product (f, f ′), which
is the standard requirement for any physical system. Having the scalar product makes it
straightforward to define the vector norm
||f ||D ≡
√
(f, f) (f ∈ D) ,
generated by this scalar product. Then, for any linear operator Aˆ on D, the operator norm
is given as
||Aˆ||D ≡ sup
f,f ′
|(f, Aˆf ′)|
||f ||D||f ′||D (f 6= 0, f
′ 6= 0) .
This can also be represented as
||Aˆ||D ≡ sup
f,f ′
|(f, Aˆf ′)| (||f ||D = ||f ′||D = 1) .
Vectors f ∈ D and f ′ ∈ D have the product form similar to Eq. (50).
For the norms of operators (51), (53), and (54), we have
||ρˆ||D = sup
n
p
n
, ||ρˆj ||Hj = sup
nj
∑
n(6=nj)
p
n
, ||ρˆ⊗||D =
∏
j
||ρˆj||Hj .
So that for measure (55), we obtain
ε(ρˆ) = log
sup
n
p
n∏
j supnj
∑
n(6=nj) pn
. (57)
Entanglement is generated in the system if and only if
sup
n
p
n
6=∏
j
sup
nj
∑
n(6=nj)
p
n
. (58)
For example, if all lattice sites would be completely independent, such that p
n
would be a
product of some pnj , pn →
∏
j pnj . Then, since
sup
n
∏
j
pnj →
∏
j
sup
nj
pnj ,
10
measure (57) would be zero, ε(ρˆ)→ 0, that is, no entanglement would be produced.
The opposite case would be if all lattice sites were correlated, so that
p
n
= pn
∏
j
δnnj . (59)
This can be realized if all the lattice is shaken synchronically, with the same topological
mode being generated in all lattice sites. In that case,
sup
n
p
n
= pn ,
∑
n(6=nj)
p
n
= pnδnnj ,
because of which
||ρˆ||D = pn , ||ρˆ⊗||D = pNLn .
As a result, the measure of entanglement production (57) becomes
ε(ρˆ) = (1−NL) log sup
n
pn . (60)
If M topological modes are simultaneously generated in each lattice site, then the maximal
entanglement production is achieved for pn = 1/M . In such a case, keeping in mind that
NL ≫ 1, one gets
ε(ρˆ) = NL log M .
For the two-mode case, this reduces to ε(ρˆ) = NL log 2. By varying the resonant modulating
fields, it is possible to regulate entanglement in a wide diapason between zero and NL logM .
The fractional mode populations are given by pn = pn(t), which is defined in Eq. (33).
The resonant process of mode generation is a fast process, occurring on the time scale 1/α.
The latter is much shorter than the thermal effective time (31), provided that the number of
condensed atoms N0 ≫ N1 is essentially larger than the number of uncondensed atoms N1.
Another temporal restriction is imposed by the power broadening, defining the resonance
time tres, after which nonresonant levels become excited, even though the modulating field
is resonant. The resonance time can be estimated [24] as
tres =
α2ω
β2(α2 + β2)
.
For β ≤ α and α ≪ ω, the resonance time tres ∼ ω/β2, is much longer that 1/α. It looks,
therefore, feasible to achieve sufficiently long decoherence times allowing for the functioning
of the lattice register that can be used for quantum information processing and the creation
of a boson lattice quantum computer.
In conclusion, we have shown that the generation of topological coherent modes is feasible
in Bose systems not only at zero temperature and under asymptotically weak interactions,
when the whole system would be almost completely condensed, but also at finite temper-
atures and interactions. This becomes possible because of the resonant character of the
suggested mode generation. An important feature of the resonant mode generation is the
feasibility of controlling the process, thus, allowing one to govern the level of entanglement
production realized in an optical lattice. Such a possibility of regulating entanglement pro-
duction in a lattice could be employed for creating boson lattice registeres for quantum
information processing.
11
References
[1] Pitaevskii L and Stringari S 2003 Bose-Einstein Condensation in Dilute Gases (Oxford:
Clarendon)
[2] Courteille P W Bagnato V S and Yukalov V I 2001 Laser Phys. 11 659
[3] Andersen J O 2004 Rev. Mod. Phys. 76 599
[4] Yukalov V I 2004 Laser Phys. Lett. 1 435
[5] Bongs K and Sengstock K 2004 Rep. Prog. Phys. 67 907
[6] Yukalov V I and Girardeau M D 2005 Laser Phys. Lett. 2 375
[7] Posazhennikova A 2006 Rev. Mod. Phys. 78 1111
[8] Yukalov V I and Yukalova E P 2006 Laser Phys. 16 354
[9] Yukalov V I and Yukalova E P 2006 Phys. Rev. A 73 022335
[10] Jaksch D and Zoller P 2005 Ann. Phys. 315 52
[11] Morsch O and Oberthaler M 2006 Rev. Mod. Phys. 78 179
[12] Moseley C Fialko O and Ziegler K 2007 arXiv:0707.1979
[13] Hadzibabic Z Stock S Battelier B Bretin V and Dalibard J 2004 Phys. Rev. Lett. 93
180403
[14] Cennini G Geckeler C Ritt G and Weitz M 2005 Phys. Rev. A 72 051601
[15] Yukalov V I Yukalova E P and Bagnato V S 1997 Phys. Rev. A 56 4845
[16] Yukalov V I Yukalova E P and Bagnato V S 2000 Laser Phys. 10 26
[17] Yukalov V I Yukalova E P and Bagnato V S 2001 Laser Phys. 11 455
[18] Kivshar Y S Alexander T J and Turitsyn S K 2001 Phys. Lett. A 278 225
[19] D’ Agosta R Malomed B A and Presilla C 2002 Laser Phys. 12 37
[20] Yukalov V I Yukalova E P and Bagnato V S 2002 Laser Phys. 12 231
[21] Yukalov V I Yukalova E P and Bagnato V S 2002 Laser Phys. 12 1325
[22] D’ Agosta R and Presilla C 2002 Phys. Rev. A 65 043609
[23] Yukalov V I Yukalova E P and Bagnato V S 2002 Phys. Rev. A 66 025602
[24] Yukalov V I Yukalova E P and Bagnato V S 2002 Phys. Rev. A 66 043602
[25] Proukakis N P and Lambropoulos L 2002 Eur. Phys. J. D 19 355
12
[26] Yukalov V I and Yukalova E P 2002 J. Phys. A 35 8603
[27] Yukalov V I, Yukalova E P and Bagnato V S 2003 Laser Phys. 13 551
[28] Yukalov V I, Yukalova E P and Bagnato V S 2003 Laser Phys. 13 861
[29] Adhikari S K 2003 Phys. Lett. A 308 302
[30] Adhikari S K 2003 J. Phys. B 36 1109
[31] Yukalov V I Marzlin K P and Yukalova E P 2004 Laser Phys. 14 565
[32] Yukalov V I Marzlin K P and Yukalova E P 2004 Phys. Rev. A 69 023620
[33] Adhikari S K 2004 Phys. Rev. A 69 063613
[34] Yukalov V I and Yukalova E P 2005 J. Low Temp. Phys. 138 657
[35] Yukalov V I 2006 Laser Phys. Lett. 3 406
[36] Williams J Walser R Cooper J Cornell E A and Holland M 2000 Phys. Rev. A 61 033612
[37] Williams C P and Clearwater S H 1998 Explorations in Quantum Computing (New
York: Springer)
[38] Nielsen M A and Chuang I L 2000 Quantum Computation and Quantum Information
(New York: Cambridge University)
[39] Raimond J M, Brune M and Haroche S 2001 Rev. Mod. Phys. 73 565
[40] Vedral V 2002 Rev. Mod. Phys. 74 197
[41] Galindo A and Martin-Delgado M A 2002 Rev. Mod. Phys. 74 347
[42] Keyl M 2002 Phys. Rep. 369 431
[43] Bogolubov N N 1947 J. Phys. (Moscow) 11 23
[44] Bogolubov N N 1967 Lectures on Quantum Statistics Vol. 1 (New York: Gordon and
Breach)
[45] Bogolubov N N 1970 Lectures on Quantum Statistics Vol. 2 (New York: Gordon and
Breach)
[46] Yukalov V I 2007 Laser Phys. Lett. 4 632
[47] Yukalov V I 2005 Phys. Rev. E 72 066119
[48] Yukalov V I 2007 Int. J. Mod. Phys. B 21 69
[49] Yukalov V I 2006 Phys. Lett. A 359 712
[50] Yukalov V I 2006 Laser Phys. 16 511
13
[51] Yukalov V I and Yukalova E P 2006 Phys. Rev. A 74 063623
[52] Bogolubov N N and Mitropolsky Y A 1961 Asymptotic Methods in the Theory of Non-
linear Oscillations (New York: Gordon and Breach)
[53] Yukalov V I and Yukalova E P 2000 Phys. Part. Nucl. 31 561
[54] Yukalov V I and Yukalova E P 2004 Phys. Part. Nucl. 35 348
[55] Buosante P Franzosi R and Penna V 2003 Phys. Rev. Lett. 90 050404
[56] Ruprecht P A Edwards M Burnett K and Clark C W 1996 Phys. Rev. A 54 4178
[57] Dalfovo F Minniti C and Pitaevskii L P 1997 Phys. Rev. A 56 4855
[58] Hechenblaikner G Marago O M Hodby E Arlt J Hopkins S and Foot C J 2000 Phys.
Rev. Lett. 85 692
[59] Ramos E R Sanz L Yukalov V I and Bagnato V S 2007 Phys. Lett. A 365 126
[60] Yukalov V I 2003 Phys. Rev. A 68 022109
14
